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1. WHAT 18 L2-COHOMOLOGY?

L?-cohomology may be thought of as a slight modification of the ordinary
de Rham cohomology of a smooth manifold. Let (M, g) be a Riemannian
manifold of dimension n, and let (C°°(M;A®),d*) be the de Rham complex
of M; i.e., C®(M;A¥) consists of the space of smooth k-forms on M, and

d¥ = d : C®°(M;AF) — C>=(M; AR+

is the exterior derivative of differential forms. Then, the well-known de
Rham Theorem says that the cohomology of this complex (called, obviously,
the de Rham cohomology of M) is isomorphic to the singular cohomology
of M, with real coefficients:

HEL (M) = H*(M;R).
The main point is then that the de Rham cohomology groups are topological
data about the manifold.

Since M has a Riemannian metric, we can add some geometry to this
picture. The metric g induces an L?-metric on the spaces C™(M; A¥), given
by

(@B = [ (8],

where (a, B)(z) = (o, Bz) is the usual inner product on forms, and w, €
C>(M; A™) is the volume form. We may then consider the L2-completion,
L2(M; AF), of C>=(M; A¥) with respect to the L?-metric. We define d to be
the exterior differential with domain

dom d = {a € Q?Q)(M;Rﬂda € Ql(“;)l(M;R)}.

Where
Oy (M;R) := C°(M; A*) 0 L?(M; A¥).

Definition 1.1. The L?-cohomology groups of M are the cohomology groups

of the complex (QEQ)(M; R),d*):

H{y(M;R) :=Kerd'/Imd'" ",
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The L?-cohomology groups of M are no longer topological invariants—they
depend only on the quasi-isometry class of the metric g.

Definition 1.2. Two Riemannian metrics g and h on M are called quasi-
isometric if there is a positive constant K such that, for all xt € M,

K_lga: < h, < Kg;.

It then follows that, if g and h are quasi-isometric Riemannian metrics
on M, an i-form o on M is square-integrable with respect to the metric g if
and only if it is square-integrable with respect to h.

Let « : O%°(M;AF) — C>°(M;A"*) be the Hodge star operator, which
is the unique operator satisfying
aAxf = (o, Bwg
for all a« € C°°(M; A¥). The star operator allows us to define the codifferen-
tial map, 0y : C°(M; AF) — C®(M; A*=1), given by 6, = (—1)"F+D+1 gy,
Let d’g be the restriction of d* to the space of compactly supported smooth

k-forms, and similarly define d, 9. We again slightly change the domain of
0, to be

dom &, = {a € Qfy (M; R)|6ra € Q5 (M;R)}

Since dom dp41,0 = C°(M; AF*1Y is dense, and by Stokes’ Theorem,
(do, B) = (o, 63)
whenever a € domd* and 8 € dom Ok+1,0- It follows then that d* has a

well-defined weak closure ¢;; 41,00 88 well as a strong closure dk. This means

that o € domd* and dFa = n if there is a sequence a; € dom d* such that
aj — a and doj — 7 in L?. Similarly, §; has strong closure dy.

Then, we can also define
H{y (M;R) = Kerd*/ Tm dF—1
as a possible candidate for L?-cohomology. It is shown in [C] that by Elliptic
regularity, the natural morphism
L) HFQ)(M;R) — H(kZm(M;]R)

is always an isomorphism, so one can use either definition. We also have
natural pseudonorms on the spaces H(kQ)(M; R), Hé) ﬁ(M; R), given by

[U]| = inf laf
acU

which are preserved by the above isomorphism. Since d* is a closed oper-
ator, the Open Mapping Theorem implies that the image of d¥ is closed if

Hfg) (M;R) = Hé) jj(M; R) is finite dimensional.
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Example 1.3. Let M = R, with its standard metric. It is easy to see that
H (02) (R) is 0, since a constant function is L? if and only if it is the zero

function. H (12) (R) is a bit more complicated.

If f is a smooth function such that f(z) = 1/z for |x| > 1, then we trivially
have fdz € Kerd!. If fdx = do for some smooth function a, we we must
have a(x) = log(z) + C for x > 1. But then, a ¢ L?(R), which implies
fdr ¢ Imd°. As H(12) (R) = HIQM(]R), we also know that fdz ¢ Imd° (else
f dx would be zero in H, (12)711(]1%)). Let ¢ be a smooth function supported
on [—-2,2], such that ¢ =1, and set ¢n(x) = ¢(x/n). Then, we have
d(¢na) — fdx in L2, so that Im d° is not closed. By the above remark, this

implies that H (12) (R) is infinite dimensional!

2. WHY SHOULD I CARE?

What is the point of any of this? One answer is to attempt to extend
success of Hodge theory for compact oriented Riemannian manifolds to less
well-behaved spaces. We first review some basic Hodge theory, then examine
the results of Cheeger [C] and Cheeger, Goresky, and MacPherson in [CGM].

Definition 2.1. The Laplacian is the second order differential operator
A =db+dd

on the spaces C®(M; A*), where § = (—1)"*=D+1  dx is the formal adjoint
of the exterior derivative d. A k-form o is called Harmonic if Aa = 0.

Recall that, on a compact Riemannian manifold, the harmonic forms are
those o € C°°(M; A¥) such that « is both closed (i.e., do = 0) and coclosed
(i.e., da = 0). The famous Hodge Theorem then tells that every de Rham
cohomology class has a unique harmonic representative; i.e., the de Rham
cohomology is isomorphic to the space of harmonic forms. Moreover, if « is a
harmonic form, then *« is also a harmonic form. Indeed, a quick calculation
shows that

A(xa) = [d* d* (xa) 4+ *d * d(*«)]
= [(=D)FO+ROH g 5 (da) + *d(éa)} =0
since « is both closed and coclosed. This observation then yields an isomor-
phism
H*(M;R) =5 H" " (M;R)
e

which is seen to be none other than Poincaré duality.

In the above case, where M is compact, L?-cohomology is naturally iso-
morphic to de Rham cohomology, so all these constructions hold for the
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groups H(kz)(M ). What if M is not compact? Clearly, we still have the

Hodge star operator and the Laplacian. Only now, it is not the case that a

harmonic form o € Q’&) (M;R) is necessarily closed and coclosed.

Example 2.2. Consider the function f = 22 — 32 defined on the open unit
disk in R2. Then, we clearly have Af = 0, so f is a harmonic 0-form and is
square integrable, but f is not closed, as it is not a constant function. f is,
however, coclosed, since d* f = 0.

Consequently, harmonic forms may not define cohomology classes in L?-
cohomology. However, if we consider the subspace H¥(M) of closed and
coclosed harmonic forms in Q’(“Q)(M ;R), there is a natural morphism, called
the Hodge map

vy« HE (M) — Hiy (M;R)

which is not necessarily an isomorphism. When ¢ 4s an isomorphism, we
say that the Strong Hodge Theorem holds for M (again, this property only
depends on the quasi-isometry class of the metric on M). The surjectivity

of 1y is equivalent to Im dgil C Imdk-1, and if Stokes’ Theorem holds in
the L? sense, then 4 is injective. This just means that

(dov, B) = (o, 0)

for all & € domd and 8 € domé, or equivalently, for all @« € domd and
B € dom 4. This property holds when M is complete (a result of M. Gaffney),
but this is not the case we will be most interested in.

We then have the following result of Kodaira:
Theorem 2.3 (Kodaira).
L2(M; ARy =Tm 0y y10 ® Imdi— @ H*(M)

where the sum is orthogonal and preserves Q’(“Q)(M; R). This result is some-

times known as the Weak Hodge Theorem, and holds for M an arbitrary
incomplete Riemannian manifold.

From this theorem, if a € Ker d¥, we have o € Im dlgfl @ H¥(M). Indeed,
Theorem 2.3 implies that, if d*a = 0 and o € Im 0,41 o, there exist sequences
a1 € domd® and asg; € Imdg 1 such that a;; — «, dag; — 0, and
50&2J — Q. Then,

(1,5, 602,5) 2 = (dov j,aa5) 2 — [laf|72 =0
so that a = 0. From this, it follows that the Strong Hodge Theorem is
equivalent to Im d’gil = Imdk-1.

Perhaps the whole point of this discussion is to understand the difficulties

that may arise from extending Hodge theory on a compact Riemannian
manifold to an incomplete Riemannian manfiold. Secondary to this, in the
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absence of the Strong Hodge Theorem holding, extracting any topological

interpretation out of the spaces H*(M) and H (’“2)(M ;R).

3. L2-CoHOMOLOGY OF METRIC CONES

We now want to describe the L?-cohomology for the simplest singularity in
the compact case. We spend a good deal of time on this case, as it paves the
way for the calculation of L?-cohomology in many other, more general cases.
Let M be an n-dimensional (oriented) compact Riemannian manifold, with
metric gps. Then, the metric cone C*(M) is by definition the completion
of the smooth incomplete Riemannian manifold C'(N) = (0,1) x M, with
metric

g=dt@dt + t>7* g

where t is the standard coordinate on R*, and 7 : RT x M — M is the
natural projection. Any differential k-form & on C*(M) can be written
uniquely as

E=n+dtN¢
where 1 and ( are forms which do not involve dt. That is, with respect to
local coordinates (x) = (z1,- - ,zy,) on M, we can write
n(t.x) = Y talt,z)da
acl(k)
where I (k) is the set of all multi-indices o = (a1, -+, ) such that 1 < a; <

< ag <n, dz® =dz® A Adx®, and 1,(t, ) are smooth functions on
R x M. Similarly,

n(t,x) = Z Na(t, ) dx®.
acl(k—1)

Consequently, for fixed values of ¢, n(t, ) and (¢, x) define differential forms
on M. The metric on C*(M) is defined in such a way that

I€1* = ¢=2F It @) |3, + ¢ >E V)¢ )3
We see this easily by checking on decomposable forms, and the fact that
g =020+ t‘zﬂ*g;/ll. Then, we have the following theorem.

Theorem 3.1 (Cheeger). Let M be a compact Riemannian manifold of
dimension n, and let C*(M) be the metric cone on M. Then,

H{y)(C*(M);R) = {Hk(M?R), ik <mn/2

0 if k>mn/2
We give a sketch of the proof of Theorem 3.1 (see [K],[C]):
If w € C°(M; A¥), then with respect to local coordinates (x1,--- ,x,) on

M, we can write

w(x) = Z weo () dz®.

acl(k)
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The k-form 7*w on C*(M) is then given in local coordinates (¢, x1,- -, xy)
by the same formula:

mrw(t, ) = Z wqo () dz®,
acl(k)
so that
I w(t, 2)|* =t~ [lw(@)]3;-
The volume form on C*(M) differs from M by a factor of ¢, so that

1
/ w2 = / / £ 2|37 dt
C*(M) 0o Jum

Since M is compact, 7*w is square-integrable on C*(M) if and only if w =0

or "
/ "2k gt < .
0

Hence, if k < n/2, 7* restricts to a map
7 L*(M;R) — L*(C*(M);R)
which commutes with d; thus, 7* induces a natural map
7 HY(M;R) 22 Hi) (M;R) — Hfy) (C*(M); R).

We wish to show that this map is an isomorphism for all £ < m/2, which
we will do by constructing a chain homotopy. Given a k-form & on C*(M),
we write £ = n + dt A (, where n and ¢ don’t involve dt, as before. We can
then define the k-form %(t, z) and (k — 1)-form %(t,x) on C*(M) via

an B ONe, o
o (t7) = > o (@) dz

acl(k)
a( o 8(06 [e%
8t( x) = Z py (t, ) dx”.
acl(k—1)
We define the “differential” dy; : C°(C*(M); AF) — C°(C*(M); A*+1) in
the local coordinates (z) = (1, ,x,) by

dyé(t,z) = Z Z anatmd:cj/\da:

1<j<n acl(k)
Ia
+ Z Z E(t,x)da;j/\dt/\dwa.
1<7<n ael(k-1)
Then,
dyvé = dyn — dt A du,

and

_ on _ o _
d¢ = dy& +dt A = darn + dt 1 <8t dM¢>.
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For fixed s € (0, 1), define a map
H : C®(C*(M); A*¥) — C>=(C*(M); A*1)

in the local coordinates (1, -+ ,zy) by

(HE)(t, ) (/ Calr, 2 dT>

acl(k—-1)

or, more compactly, as H = fst ¢. Then,

t o t
ng:dM/CertAat/g
t
:/dMC—i-dt/\C,

and

i =1 (s 0 (21 )
o
= d
(G-
t
=n—rn® - / dm¢,
where () (x) = (s, z) € C®°(M; A*) for fixed s € (0,1). Consequently,

dHE + Hde = dt AC +n — %0
=& — 7.

As we are, we have constructed a chain homotopy between the complexes
C>®(M;A®) and C>*(C*(M); A®), at least for @ < n/2.

If¢e Q’é) (M;R), then the integral

1
Lo el = [ im0+ 20O ) o e
Cc* (M) 0o Jm

is finite. H¢ is a (k — 1)-form, so

1 t
Lo e s [ e [ ar e a
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Via the Cauchy-Schwartz inequality, and reversing the order of integration,

we find that if £ <n/2,
t
J 1 ar

1
/ ||H§||2§/ / tn—2k+2
C* (M)
1
//HC(T)HQ / - 2k+2dtd7‘—|—/ / HC ||2 / tn—2k+2dtd7_
0
S T ori3 n—2k+3 (/ / (Sl fveain 2k+3d7‘+/ / 1¢ 13, d7'>

1+S—n+2k 2
<\ == / l€]? < oe.
n—2k+3 C*(M

Consequently, H¢ € Q](CQ_)l(C*( );R); thus, if € € Q(2)(M;R), and k <n/2,
H¢ is square integrable and

¢ =dHE + Hdé + 7).

If d¢ = 0,
ced (L2<C*(M);Ak—1)) LM AR,
which is to say that ©* : H¥(M;R) — HZCQ)(C*(M);]R) is surjective. Since
42 =0,
d¢ = d(Hd¢) + dr*n®

Now, if d¢ € W*LQ(C*( ); A¥), then Hd¢ = 0 by construction. From this,
we have that 7* : H¥(M;R) — H(’“)(M;R) is injective for k < n/2.

All that’s left to do is to show H(ICQ)(C*(M);R) = 0 for £k > n/2. By

Cauchy-Schwartz, if ¢ € Q’(“2)(C*( );R),and 0 <a<b<1,

([ o)< (f] [ r=sosen) ([ [ )
(o) (1) (5557,

Thus, fol Jur 6@ || ar dt exists if k > n/2. For almost all 2 € M, the integral

exists for all ¢ € (0,1). Then, if £ = n+dtN( € Q’(“z)
k—12>n/2, we define
t
H% = / ¢
0

Mimicking the argument that showed H¢ was square-integrable, we see that
HO¢ is square-integrable as well, and & = dH°¢ + HYd¢. Hence, if € is closed,

(C*(M);R), and
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then & = dH"¢, from which it follows H(";Z)(C*(M); R) =0 when k—1 > n/2.
We still must worry about the case where n is odd and k = (n+1)/2, which

is trickier; see Cheeger [C].

With Theorem 3.1 in our toolbelt, we can handle a class of spaces with
isolated metrically conical singularities.

Definition 3.2. A compact metric space X of dimension n+ 1 has isolated
metrically conical singularities if for some finite set of points {p;} such that
X\ Ué-vzl pj is a smooth Riemannian manifold, and if there exist smooth
compact Riemannian n-dimensional manifolds Mj, open neighborhoods U;
of pj, such that Uj\{p;} is isometric to the cone Cy ,(M;) = (to,t) x M; C
C*(M;).

We say X has isolated conical singularities if the metric on X\ U; p; is
quasi-isometric to a metric of the form dt ® dt + t2’7T*Mj in a neighborhood
of the p;. We define the L?-cohomology of X by

Hiyy(X) = Hy) (X\ UL, ;).

Now, we can generalize even further to pseudomanifolds with conical sin-
gularities. Let X be an n-dimensional pseudomanifold— a simplicial complex
such that each point is contained in a closed n-simplex, each (n —1)-simplex
is a face of exactly two n-simplices , and the n-simplices can be compatibly
oriented. Alternatively, a Riemannian pseudomanifold X of dimension n is
a purely n-dimensional stratified paracompact metric space X which admits
a stratification

X=X,D2---D2X1D2Xp
such that X, 1 = X,,—2 (i.e., X\X,,—2 is an n-dimensional oriented Rie-
mannian manifold which is dense in X, so that the induced metric on X\X
is quasi-isometric to the flat metric). Let ¥ = X,,_o. In such a case, we
define
Hlyy (X) = Hly) (X\2).

In this case, d = 6*, and the Strong Hodge Theorem extends to this case. If
X has a stratification by even dimensional strata, then we have the isomor-

phism H(";Z)(X) = JH, ;(X) = Hom(IHx(X),C), where IHy(X) denotes

the k-th intersection homology group of X ([C], [CGM]).

4. INTERSECTION HOMOLOGY THEORY
We recall the defintion and basic properties of the “middle” intersection
homology groups I H(X) of Goresky and MacPherson.

Let X be an n-dimensional complex analytic variety, which is contained
in a non-singular variety. We can give X a Whitney stratification

X=X,D0---D2X2D2X1D2Xp
such that
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(1) X;\X;—1 is a possibly empty complex analytic i-dimensional mani-
fold,

(2) Whitney’s condition B holds with respect to any pair of strata R
and S: if z; € S is a sequence converging to some x € R, and y; € R
also converges to x, then the secant lines T;7; converge to some line
¢ and the tangent spaces TS converge to some limiting plane 7,
and £ C 7.

Although we use this stratification to define the groups I Hi(X), the result
is independent of the stratification.

Let Co(X) denote the chain complex of compact (real) subanalytic chains
on X, with complex coefficients. The homology of this complex is just the
ordinary singular homology H,(X;C). For any ¢ € C;(X), let |£| denote the
support of &.

We define the subcomplex ICe(X) of allowable chains by the condition:
e IC(X) if
dmf¢(NXy<i—n+k—1
and
dim|0¢N X, <i—n+k—2.

Definition 4.1. IH;(X) is defined to be the i-th homology group of the
chain complex I1C4(X).

The groups I H;(X) satisfy many useful properties, such as having an in-
tersection product 1H;(X)x IH;(X) — I H;;j_2, which leads to a Poincaré
duality isomorphism, and behaving nicely with respect to normally nonsin-
gular inclusions and projections (which we will not delve into). Intersection
homology (really, its dual, intersection cohomology) also has a axiomatic
construction in terms of sheaves (by Deligne), and these objects are of ut-
most importance in certain categories of perverse sheaves on arbitrary com-
plex analytic spaces.

But, for this paper, we mainly cared about the fact that I He(X) is the
homology theory dual to L?-cohomology, at least in the case of spaces with
conical singularities. The “local” calculation of I H;(X) at an isolated singu-
lar point is also found to be “dual” to the calculation of Theorem 3.1. The
point being, the we have a very concrete topological interpretation of the
groups H(iQ)(X ), as “things we integrate over allowable chains”, and
the best way to generalize the integration pairing of de Rham cohomology
and singular homology to spaces with (reasonable) singularities. To wrap
up, if ¥ is the singular part of X, and a € Q’@ (X\X), then for almost all

allowable chains ¢ € IC;(X), the integral

/ga
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exists, and Stokes’ theorem holds:

/da:/ Q.
i3 €

We note that it is never the case that || C X, since
dml{NE<i—-n+n-1)—-1=i-2.

Thus, we get a natural (integration) pairing
/ D Hip) (X\X) ® TH;(X) = R.
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