Proof of the chain rule

Theorem (Chain Rule). If f : R® — R™ is differentiable at xo € R” and g : R™ — R! is differentiable at
yo = f(x0) € R™, then go f : R — R is differentiable at xo, with derivative
D(g o f)(x0) = Dyg(f(x0))Df(x0).
Proof. We must show that
L 197 (09) = 9(f(x0)) ~ Dy(f(x0))Df (x0) (x — x0)]

X=X [Ix = o]

=0

which means we must show that, for all € > 0 there exists a § > 0 such that ||x — x¢|| < § implies that

lo((x)) — g(Fx0)) ~ (7 (x0)DF(x0) (x —x0)l _ "
llx — xol|
Since D f(x0) and Dg(yo) are linear maps, there exist constants Cpy € R and Cp, € R such that
IDf(x0)vll < Cpyivll, forall veR", (2)
and
IDg(yo)wll < Ciy [IWll, for all w € R™. 3)

We will also use the fact that, since f is differentiable at xg, then f is continuous there.
Let ¢ > 0 be given. By differentiability of g, we can choose a d, > 0 so that

ly — yoll < 5, —» 1900 =960) ~Dyro)ly =yo)ll _ e "

lly — yoll 3Cpys’
Then, by continuity of f, we can choose a §; > 0 so that
llx —x0l| < by = [[f(x) = F(x0)ll = [ly — ol <y, (5)

using d, as the €; in the definition of continuity for f at x¢. Finally, by differentiability of f, we choose
dp > 0 so that

1/ (%) = f(x0) = Df(xo)(x —x0)ll _ . €
||X—X()|| <(5fr == ||X—X0|| < min (Z))CDg,CDf> . (6)

Now let 6 = min (d,4/,d¢,0,). We will show that when ||x — xo|| < d, (1) is satisfied. Indeed,
llg(#(x)) — 9(f (x0)) — Dg(f(x0))Df (o) (x — %ol

llx — xol|
_ llg(y) = 9(yo) = Dg(y0)(y — y0) + Dy(yo)(y = yo) = Dg(yo)Df(x0) (x — o)l
llx — xol|
< lg(y) = 9(y0) = Dg(yo)(y — yo)ll N IIDg(y0)(y — yo) — Dg(yo)Df(x0) (x — %o)||
- lIx — xol| IIx — xol|
e |ly —yoll I(y — y0) — Df(x0)(x — xo)|
= 4Cp; Ix — %ol Cpg [|x — xol|
_ € lIf(x) = f(*0) = Df(x0)(x = %o) + Df(x0)(x = X0 Loy IIf(x) — f(x0) — D f(%0)(x — o)l
3Cps lIx — xo| I llx — xol|
e ||f(x) = f(x0) = Df(x0)(x — x0)l L€ ID f (%0) (x — o)l ey |lf(x) — f(x0) — D f(x0)(x — %0)||
~ 3Cpy lIx — xo| 3Cpy lx — xo]] g [|x — xo|
GCDf CCDf ||X—X0|| GCDg
~ 3Cpy  3Cpyllx —xo|l ~ 3Cpy
- g + g + 3 = €.



In the first line we add and subtract the same term from the numerator, then use the triangle inequality,
then use (3), (4) and (5), then add and subtract again, then use the triangle inequality again, and finally
use (2) and (6). O



